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Abstract-A modulated simple wave theory is developed for transverse cylindrical motions of an
unstrained incompressible isotropic elastic non-conductor with the aid of a modified version of
Huntt:'r and Kt:'ller's "Weakly Nonlinear Geometrical Optics" method. This theory is then used to
construct shock wave solutions using the shock-fitting method. The evolution law thus derived
shows that the effect of nonlinearity on the evolution of transverse cylindrical shock waves is
cumulative. but that by the time it becomes most pronounced. geometrical spreading has already
attenuated the shock amplitude until it is ellponentially small. It follows that the linear theory gives
satisfactory results for the propagation of transverse cylindrical shock waves. This is in sharp
contrast to the situation for plane transverse shock waves whose amplitudes decay in the presence
of material nonlinearities whilst the linear theory predicts constant amplitudes. Where it is present.
geometrical spreading would appear to be a more potent decay mechanism than material non·
linearity.

I. INTRODUCTION

The most important property of the effects of weak nonlinearity on wave propagution is
that they are cumulative and are significant only for great enough distances of travel. It is
therefore of interest to investigate how the evolution of shock wavcs is affected by material
nonlinearity. geometric~tl spreading and internal dissipation. and especially. how import;'lOt
the former is in the presence of the 1;'lst two so that we can oot,tin a clem understanding of
the validity oflinear theories. In u previous paper (see Fu and Seott. 19H9c). we have sludied
the combined effects of material nonlinearity and geomelric;,t1 spreuding on the prop,lg,llion
of dilatational spherical and cylindrical shock waves. In this paper. it is lhc propagalion of
transverse cylindrical shock wuves which concerns us.

Shock wuves are very different in their evolutionary bchuviour from acceleralion wuves
or olher higher order discontinuities and are mueh more dilliculL to anulyze. The dilliculty
lies in thul shock waves are alwuys coupled in their evolutionury behuviour with the other
higher order discontinuities which accompany them. If one follows the same procedure as
for acceleration waves, one finds that the shock velocity depends on the shock amplitude,
whilst the shock amplitude is governed by an evolution equation which also involves the
amplitude of the accompanying second-order discontinuilY. We derive a second evolution
equ,tlion for the amplitude of the accompanying second-order discontinuity which involves
the amplitude of the accompanying third-order discontinuity. This procedure could be
carried out to higher orders. In the case of curved shock waves. the evolution of shock
waves is further complicated by geomctricul consider;'ltions, for. in general. the shock
surface geometry has to be determined together with the shock amplitude. It is in general.
therefore. not possible to derive an exact evolution law. It is possibly bec,luse of this
that works on the global evolutionary behaviour of shock waves ure relatively spurse in
comparison with the abundant literature on acceler'ltion waves; prcvious studies have been
in the main confined to the general properties and the instantaneous decay behaviour of
shock waves, sec. for example, Eringen and Suhubi (1974). McCarthy (1975). Wesolowski
and Burger (1977) and Ukeje (1981, 1982). The exact evolution equations for a curved
shock W.lve of the most general geometry and its accompanying sccond-order discontinuity
have been neatly derived by Li and Ting (1982) and Ting and Li (1983). who have also
suggested several choices of the direction in which the growth or decay of the discontinuity
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is measured in order to simplify the evolution equations. However. they do not discuss
solutions of these equations.

Fu and Scott have employed two different approximate methods to derive asymptotic
evolution laws for each of plane dilatational shock waves (1989a). plane transverse shock
waves (1989b) and curved dilatational shock waves (1989c). The first approximate method.
which they call the singular surface method. is a combination of singular surface theory
and perturbation methods. The second method is the shock-fitting method based on simple
wave theories. The two methods are complementary to each other and have differing
advantages and disadvantages. The singular surface method is well-adapted to all problems
of shock wave propagation. but it needs to be underpinned by an nssumption concerning
the amplitude of the accompnnying third-order discontinuity which is such as to allow the
term containing this quantity to be neglected. The shock-fitting method. on the other hand.
gives more complete results than the singular surface method. but since it is based upon
simple wave theories (and exact simple wave solutions exist only in plane motions ofelastic
non-conductors for which the isentropic assumption is valid). the shock-fitting method can
only be applied to curved shock waves or shock waves travelling in materials with internal
dissipation when an approximate simple wave solution can be found. In Fu and Scott's
(1989c) discussion of curved dilatational shock waves. a modulated simple wave theory.
which is valid under lhe small-amplitude. finite-rate assumption. was established with the
aid of Hunter and Keller's (1983) "Weakly Nonlinear Geometrical Optics" (hereinafter
WNGO) method.

The spedllc problem we eonsider in this paper is that of an initially unstrained incom
prcssihle isotropic elastic non-conductor with a circular cylindrical cavity of radius '11 which
is set in motion by presl:rihing the azimuthal vdodty at the ioternal boundary r = '11 ror
all positive times. By integration of the prescribed velol:ity at the bound'lry we see that this
problem is equivalent to a displal:ement houndary value problem. The m'lterial is taken to
be inwmpressihle to ensure that transverse waves may propagate; it is taken to be
unstrained and isotropic to ensure that the initially drcuhlr wave fronts remain so us they
propagate through the material.

It is bel:ause of the more general material constitution of solids that the transverse
motions disl:ussed here are possible. even though they l:.lOnot Ol:cur in gases. This makes
the present problem of special interest sinl:e it can be shown that it cannot be treated by
Varley and Cumberbatch's (1966) theory of relatively undistorted waves or by Hunter
and Keller's WNGO method and neither can it be treated by Anile's (1984) Generalized
Wavefront Expansion method. All of these methods have been shown to give satisfal:tory
results for problems in gas dyn.tmics. However. when applied to the present problem they
give merely the same results as the linear theory gives. We shall see thut this is because the
ch'lracteristic velocity contains no term that is linear in the shock amplitude. which implies
that the entropy jump is of fourth order in the shock amplitude. rather than third order.

This paper is organized us follows. After setting up the basic equations and determining
the shock velodty in Sel:tion 2. we derive in Section 3 a modubted transverse cylindrical
simple wave theory lIsing the procedure mentioned above. In Sedion 4. we show how to
construct shock wave solutions from the modulated simple wuve solutions by using the
shol:k-titting method. whilst in Section 5 we show how to derive evolution laws using an
alternative method. namely that of singular surf'lces. The final section is devoted to a
discussion of the results obtained in this paper. First. we explain the apparent disagreement
between the evolution 1.lws obtained by the two different upproximate methods. We go
on to discuss the competing decay mech'lI1isms of geometrical spreading and material
nonlinearity .md conclude that the former is much the more potent. Finally. we show how
to recover the evolution laws for plane transverse shock waves from those derived here for
cylindrical waves by taking un appropriate limit.

Z. BASIC EQUATIONS AND HIE SIIOCK VELOCITY

Let XI' A = 1.2.3. be the coordinates of a particle in the reference configuration with
respect to a rectangular Cartesian coordinate system and Xi' i = 1.2.3. be the coordinates
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in the current configuration of the same particle with respect to the same coordinate system.
A motion is described by the continuous function X, = X,(X,~, I) in terms of which the
deformation gradient is defined by F;A = cx,/CX..!.

We consider the propagation of a transverse cylindrical shock wave into an unstrained
incompressible isotropic elastic non-conductor, = (X~ + X~) 12 ~ '0' It can easily be shown
with the aid of the jump condition for the conservation of energy that the entropy jump
across such a transverse cylindrical shock wave is of fourth order in the shock amplitude.
It is well known that the material time derivative of the entropy vanishes away from a shock
in an elastic non-conductor. We shall therefore work with the isentropic assumption since
this is valid within the order of approximation considered here. The basic equations then
simply consist of the equations for the conservation oflinear momentum and the constitutive
equations. In the material description, considerations of the conservation of linear momen
tum give the equations of motion

(I)

away from a shock in the absence of body forces and yield the jump conditions

(2)

across a shock. Here 7t,A is the tirst Piola-Kirchhoff stress tensor .\Od fI, UN and N, are in
turn the mass density, the propagation speed of the shock and the unit normal to the shock
surface in the reference contiguration (which we take to be the undisturbed state). The
vector N~ is. of course. a radial vector in the (XI. X2)-plane. For any quantity ./: the jump
across the shock surfal.:e is defined by

Ll) = I -f'.

superscripts" +" and" -" signifying evaluation just ahead of the shock and immediately
hehind the shock. respectively.

For an ehtstic non-condudor which suffers the single constraint of incompressibility.
that is,

del'

J = det F = I.

the total stress is the sum of a constitutive stress and a reaction stress associated with the
constraint:

(3)

whac

(4)

The funl.:tion l'(X.~, t) is an arbitrary pressure, not dircctly dependent on F,.~. whil.:h is chosen
so that the equations of motion and the boundary conditions arc satisfied. The factor J has
been allowed to remain in the definition (4b) of the constraint stress, even though it is equal
to unity, in order to preserve certain skew-symmetric tensor properties st.tted in the next
paragraph. This is merely for convenience, however, as in either case the arbitrary pressure
l' multiplying the constraint tensors docs not appear in the final equations. The specific
internal energy function f. is independent of the entropy under the isentropic assumption
and because the material is both isotropic and incompressible depends on the deformation
gradient F'A only through the two invariants
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I, = trC. I~ = ~trC~

dcf
where C = FTF is the right Cauchy-Green strain tensor. Thus e = e(ft,/~).

For later use. we define

(5)

With the aid of (4b). we obtain

(6)

It is seen that £:~iB is skew-symmetric with respect to both (i.j) and (A. B). It can easily
be shown with the aid of (4b) that E:'~iBkC and E;AiBkClO are also skew-symmetric with
respect to the interchange of any pair of lower case. or upper case. suffices. Therefore. their
inner products with any symmetric tensor are zero.

Let R, denote the unit polarization vector which for the purely azimuthal transverse
waves under discussion here is orthogon~11 to the unit wave normal vector NA and lies in
the (X,. X!)-plane;

(),.~ R,N.~ = o.

Thus R, is ~I unit 'Izimuthal vector. We may write

[I'll = cpR,.

(7)

(8)

where (/J is the shock amplitude. It is convenient to deline two other unit vectors '\f~ and II,

by

(9)

and it can easily be shown that

( 10)

where subscripts range from I to 2 only. The shock surface expands radially from the XJo
axis so that for all time we have NJ = nJ = RJ = M J = O.

We now proceed to determine the shock velocity. By expanding [1tf~] in a Taylor series
about the unstrained state F,~ = bi.~ and using (8). (5) and the compatibility relation
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(11)

Similarly.

Therefore. we have

where

del'
E t Ee" t £::"',..1;11 = .i..ltH+P • ;.it!>'

( 15)

On entering (14) into the jump condition (2) and using the skew-symmetric properties of
E" .1 £-.' b .

,.4t H anu /.iIHke. we 0 tam

where

(17)

By evaluating (4b) at the wave front, we see that 7[:; = e5i ..l' Therefore, by (9b),

(18)

It can be shQwn (see Fu. 1988) that for the unstrained isotropic material considered here
Qr,R, and Qr'kIR,RkRI are both aligned with the azimuthal vector R;. whilst Qr'kRjRk is
aligned with the radial vector n;. We may therefore write
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Qr,Rj = pO.~R" Q;JkRjRk = J.Jln,. Q;Jk,RjRkR, = J.J:R,. (19)

(20)

It is possible to give more explicit expressions (see Fu. 1988. p. 200) for the quantities
appearing in (20) :

pO~· = 2p(6 1 +26:),

J.JI = 4p(6:+611 +36,:+26::).

JI: = 12p(6: +611 +46,: +4(22)' (21 )

where. for example. 6: denotes cf:(lI.I:)lCl: evaluated in the unstrained state. For future
use. we also write down here the following relations which have been shown (see Fu. 1988)
to hold for isotropic materials:

(22)

(23)

(24)

(25)

With the further usc ofrdations (19). we reduce (16) to

Since R; and II, are orthogonal. rdation (26) implies that

., - ., Jt,!., 4
plj;, = pU.\ + 6014>- +0(4) ). (27)

(28)

so that the order term in (26) may be replaced simply by O(c/J~).

It can be shown that the jump form of the second law of thermodynamics together
with the expression for the entropy jump imposes the condition

(29)

which must be satisfied by a given material if it is to transmit transverse shock waves. This
condition is also sufficient to ensure that the propagation speed of a transverse shock is an
increasing function of the shock amplitude. as is clear from (27). It is also important to
note that eqn (27) contains no term that is linear in the shock amplitude. a fact that was
mentioned in the Introduction and is in sharp contrast to the situation for dilatational
shock waves (see Fu and Scott. 1989a. eqn (3.6); 1989c. eqn (3.9)]. We see from eqn (28)
that the jump suffered by the arbitrary pressure is of only second order in the shock
amplitude.
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3. MODULATED SIMPLE WAVE THEORY

In this section. we establish a modulated simple wave theory for transverse cylindrical
motions. which is the basis of the shock-fitting method to be used in the next section. To
fix ideas. we consider the motion of an unstrained incompressible isotropic elastic non
conductor initially in a state of rest occupying the region r ~ ro with the purely azimuthal
velocity [", at the boundary prescribed by

O~t~T.

otherwise.
(30)

where 11"(t) is a given function of small magnitude. By integrating (30) we see that specifying
the azimuthal velocity also specifies the azimuthal displacement on the boundary and so
the present problem is equivalent to a displacement boundary value problem. To character
ize the wave amplitude. we introduce a dimensionless small parameter defined by

I
I:: = U- max 1"'(t)I·.v 0';1'; T

(31 )

We assume that the duration time T is small compared with the time scale over which
gcomctrical attenuation becomcs significant so that (30) represents a small-amplitude. finite
ratc pulse of short dumtion.

On suhstituting (3) into (I). wc obtain

(32)

whcre

(33)

These equations arc to he solved. together with the compatibility relations

(34)

subject to the boundary conditions (30).
We may assume that conditions at the boundary r = ro arc carried into the region

r> r o by wavelets subject to geometrical attenuation. If we use cp(r. t) = ~ to denote the
wavelet whieh leaves the boundary at time Of. we can then take (X.4 • cp) in place of (X 4 • t)

as the independent vari'lbles and we have the relation

(35)

However. since according to our small-amplitude. finite-rate assumption. the variations of
the quantities Fi.4 .IOd /..'j with respect to cp are two orders of magnitude greater than their
variations with respect to X.4 for purely transverse waves. we should replace cp by the scaled
variable (} defined by

so that we have

cp(r. t)
(J = -'---.r.-

F,.4 = F,AX.4 • 0).

(36)

(37)

(38)
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p =per, (J). (39)

This argument clearly has the same motivation as the method of matched asymptotic
expansions (see Nayfeh, 1973, p. I10), which is often used in dealing with boundary layer
problems. Here 0 ~ % ~ T can be taken to be the inner region, % > T the outer region. Note
that we are only concerned with the inner region.

We look for perturbation solutions of (3~) and (34) of the form

Hu = &H:~I(XA.O)+e.lH:,~)(X4'O)+"·,

/', = edll(X~.O)+&31':31(XA.0)+"·'

p = p" +€PI (r. 0) +&~p:(r, 0) + ...,

where the displacement gradient is defined by

(40)

und assumed to be O(r.) initially. Because of the purely transverse nature of the waves
discussed here. no even powers of r. are required in the expansions of H,,~ and 1',. The initial
urbitrary uniform pressure is denoted hy 1'''. As has already been remarked we shall find
that the arbitrary pressure I' does not appear in the final equations.

To simplify the .m'llysis. we first contr'lct (3) with R,. It cun be shown that F,,', I NI is
aligned with II,. and hy (40) so is 1t~, N,. We therefore have

where wc havc lIscd thc orthogomllilY relation (7) uod thc Itlct that P.~ is proportional to
N •.

Expanding H, tlH ahout the n'ltural state and using (40), we have

+t·:(IE':'> 1111l1111l+p E" +p ~.' 110 )+ ... (4_")• : iA/III<Cm kC III 2 ,,~/11 I L:.,.4/III<C kC •

On substituting (40) and (42) into (34) and (41) uno replacing ( )..~ and n rcslX-'Ctivcly by

we obtain

<Ind

+ 2(1£7' f·flllfflll+p £.' +1' ""f{OI)+ ... )f. 2 ",i/'kCI/I k(' if) 2 .A/B 1 L:.',4jIll<C kC i

~

= {I R,'p.. (~(} rc: II (XI' 0) +1:
2/,:11( X,4.(1) + ... }. (44)
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As a consequence of the purely transverse nature of the wave motion the term in £ in
(~) may be shown to vanish identically. The leading order and next order terms of (43)
and (~) then yield the following four partial differential equations:

(45)

(46)

(47)

To solve this set of equ;ltions, we first substitute for Df1~~/i)(} from (45) into (47) to
obtain

(49)

where we have made lise of (15a), (17a), (20a), the skew-symmetric property of £~iB and
the J~lct that 1': II and 1'1': II /I'{} are both aligned with R,. Denoting R,L'~ II by a(r, 0), we may
write

Since va/DO should not vanish identically, (49) implies that

1f'.1 _ u-
- - N

If'.r

(50)

(51 )

for outgoing wavelets. Integration of (51) subject to the boundary condition (35) then gives

(52)

If the motion does not contain any shocks, then both fl~~ and L·~I) vanish at 0 = 0 and
integrating (45) from 0 = 0 to (} = (} with the use of (50) and (52) yields

(53)

We proceed now to the next order approximation. On substituting for oH~~/cO from
(46) into (48) and making use of (50)-(53), we obtain
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I - ~

£-". R V R V R N R V ~ ca 0 (,.')
-j'-',} tA,8H':D t",~;-8 * C I"Dti ~l}=' ...

-'- ,'Ii (u

where use h.f!.s also been made of (I9b) and the skew-symmetric properties of £~;J8'

E~;i8K and E~;'8WD' With the use of relations (10). (54) becomes

It can easily be shown with the aid of (6) that

Er;'8Rt"JN.~M8 == -I.

E;;i8Rtn,M,~N8== I.

E~;IHR,R,6AB == O.

while dilli:rentiating (22) with respect to X, and using (10) gives

On inserting (56) .mll (57) into (55) and noting (15.1) and (10c). we arrive at

c:a a {I , ttl
.. + '- .'.- a' .~ = 0
Dr 2r 4C.~ to .

where

(56)

(57)

(58)

(59)

is a dimensionless quantity whose magnitude is a measure of the degree of material non
linearity. The third term of (58) arises. therefore. from material nonlinearities but the second
represents the effect of curvature. Thus eqn (58) expresses a balance between nonlinear
effects and geometrical effects.

On detining new variables

s == r o log~- • (j(s.O) == f~ a(,. 0)
'0 Vro

we find that (58) reduces to

(60)

subject to the boundary condition at s = 0 (i.e. at , = '0)

(61)

obtained from (30). An equation of the same form as (60) waS obtained in a study of plane
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transverse shear waves [see Lardner (1985), equation preceding (12)]. The solution of (60)
is obtained in the standard way by observing that

o(s, lJ) = constant

along curves governed by

so that,

a = a(O,lJ), lJ-lJo = - 4g~ a~(O,O)s, (62)

where (} = 00 at s = O. With the use of (30), (61), (36), (40) and (50), we may recast the
solution (62) in terms of the original variables:

fio r-ro pro, r
l',= -w(oc)R i , I=IX+-

U
- -4U-T I\'-(IX)log-.

r N N ro
(63)

Relations (63) constitute the desired modulated transverse cylindrical simple wave
solution of equation (58) subject to the boundary condition (30). If 1\'(01) is monotonic
elluation (63b) can be solved for IX in terms of r and I, so that (63a) then gives the velocity
distribution explicitly in the simple wave region.

We can see from the nonlinear solutions (63) that the wave amplitude has the same
form as in the linear theory, but the characteristic variable 01 is constant along characteristics
(63b) determined using the nonlinear theory. Integration of the nonlinear characteristic
velocity dX/dl = (E'A/BNANBR,R)p) 1/2 gives the same expression as (63b). Our theory can
be shown to give the same results as the nonlinearization technique described by Whitham
(1974, Chapter 9).

Ifinstead of propagating into an unstrained quiescent region, the wavelets arc preceded
by a shock and the shock is advancing into an unstrained quiescent region, then because
of the reflection from the shock, the motion behind the shock is not exactly a modulated
simple wave. However, substituting (27) and (40) into (II) shows that (53) is satisfied
immediately behind the shock. This implies that the reaction of the shock on the motion
behind can be disregarded to leading order and a shock can be fitted into the above
modulated simple wave solution.

4. THE EVOLUTION LAW OF SHOCK WAVES

In this section we proceed to determine the evolution law for transverse cylindrical
shock waves using the above modulated simple wave theory and the shock-fitting method.
We assume that R,l',I,_,o = W(/) is of the form shown in Fig. I, so that a shock is initiated
at t = 0 at the boundary r = '0' It can easily be deduced from (63) th~l.the graph of l'(R,
versus t can be obtained by translating and stretching the graph of Jro/r w(:x) to the right
by a distance given by

r-ro pro, r
£\(I\'(x» = -U- - 4U-) W-(IX) log-,

N N ro

and will be multivalued when £\(lpo) ~ 1 ~ £\(0) if P> O. [We note from (29) and (59) that
the second law of thermodynamics requires p~ 0 for the transmission of such transverse
shocks to be possible.] To obtain a single-valued solution for R,l'" we fit a shock into the
multivalued region. Assume that the shock position is given by 1 = S(r) as illustrated in
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w(.L)

B' 0

Fig. I. The initial disturbance w(t) at the boundary, = '0'

Fig. 2. and that when the vertical straight line segment AB is mapped back to its initial
position in Fig. I it corresponds to the curve A' B'. Then we have

In ~Iddition. since ::l"(r) is the reciprocal of the shock speed. we have from (27) that

I ( II ,)
S'(r) := 0 I - pO:! (p' .

:v -:v

On eliminating S(r) from (64)-(66). we arrive at

(64)

(65)

(66)

(--;..!- - p~~ log!-. J~ f/J) ~ ( r;- f/J)--~ 3 'Y- ( r~ f/J)~ =O. (67)
w (~d 2UN ro ro dr V~o 6U", r V;o

where C( I can be expressed in terms of the shock amplitude f/J by inverting (64) provided
that lI'(cc) is monotonic when oc > O. Equation (67) is an ordinary ditferential equation which
can be solved for the shock amplitude f/J once w(cc) is given.

As an example, we consider the following loading programme:

r-;;-t¢
-oJ 7"'" 0

o

Fig. 2. The subsequent disturbance at interior values, :> 'n.
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{
4>o(l-%/n"', 0 ~ %~ T,

w(%) -
- 0, otherwise,

where m is a positive parameter, 4>0 = 4>(0), and the duration time T is chosen as

4>om
T=--,

t/Jo

559

(68)

(69)

so that the amplitude of the accompanying second-order discontinuity has the initial value
t/Jo which is independent of the parameter m. On substituting (68) and (69) into (67), we
obtain

I (~ 4»1-"')'" d (~) P'o ~( ') d (~ )- - - - - 4> - ----T - log - 4> - - 4>
t/Jo '04>0 d"o 2Uiv'o '0 d, '0

P '0 ( r; )~
- 60~ --; -J ra 4> =o.

After multiplication by~ 4>, (70) may be integrated directly to give

where the notation

.. - .. Jl ,I. .1. , log'O )' = J'·;(~I I~ll.• - 6D~ '/"U'/'II II, '/"

(70)

(71 )

(72)

has been introduced. Equation (71) is an algebr~licequation for the shock amplitude. which
can be solved for any positive value of m. and shows that the evolution law for a shock
wave depends upon m and thus depends upon the detailed boundary conditions. This is in
contrast with acceleration waves for which the evolution law depends only on the initial
amplitude. An examination of (71) reveals that for decaying shocks we require x ~ 0 for
, ~ 'u. Thus it is clear from (71) and (72) that the shock decays if the amplitude of the
accompanying second-order discontinuity is such that

(73)

since Pdefined by (59) is required by the second law of thermodynamics (29) to be non
negative.

5. TilE SINGULAR SURFACE METHOD

An evolution law for the type of shock wave under discussion can also be derived by
using the singular surface method as explained in various different contexts by Fu and Scott
(1989a.b.c). Here we give only an outline of the procedure and present the main results.
The detailed analysis can be found in Fu (1988) and may be obtained from the first author.

Essential to the singular surface method is the basic compatibility relation
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( N,f ,..

ex [G] = [G..~] + U [u].
,f .V

(7J)

where G is an arbitrary function and (loX,f is the space derivative following the wave front
(see Fu and Scott, 1989c).

Taking the jump of (I) with the use of (74) gives

(75)

while differentiating (I) with respect to time and then taking the jump with the use of (74)
yields

(76)

The expressions for tr,,~ and if,~ can be calculated with the use of the relation (3). Taking
the jumps of these expressions and expanding the right-hand sides into Taylor series as we
have done in ( 12). we obt'lin the approximate expressions for [tri,fl and [if;,f]. On substituting
these expressions and (14) and (27) into (75) and (76). we obtain after a great deal of
manipulation the following evolution equations:

dep ep IJ, cP) I S 4+. -- f cP-Ij; = YI" +max ~O(ep ). V(ep Ij;)}.
dr 2r 6V N r

dlj; Ij; 1- cP If ,
.1 +,., + HUN ~ -,.,U"\ e/11j;-
ur _r r - N

(77)

where

dcf dcf
Ij; = R,[t;']. X. = Ri[v,].

denote the second· and third·order discontinuities. respectively. The material constant If is
defined by (59) but the material constants YI. Y~. Y3 are not given explicitly since they do
not appear in our final results.

The evoluLion equations (77) and (78) are to be solved simultaneously using per
turbation methods. subject to the initial conditions

(79)

Two cases must be distinguished. In the first case. the shock amplitude cP is small but
the amplitude Ij; of the accompanying second-order diseontinuity is of order one (when
appropriately scaled). The shock waves covered by this case are of smal1 amplitude and
finite rate. and have the same character as those treated in the previous two sections. It can
be shown that the leading order solutions of (77) and (78) which are uniformly valid with
respect to the distance of travel are given by
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f o{ 2fJ (30,v l/Jo) ro}- 1,4l/J(r) = l/Jo - 1+ -"') l/Jo"'o 1- - - ro log-
r 3U,v 8ro "'0 r

{
O(l/J~) if I = O(l/J~), p ~ I,

+ 0(l/J5) if 1=0(1), (80)

£( 30'Vl/Jo){ 2fJ (30'Vl/Jo) ro}-J4
"'(r) = "'o,t;: 1- 8r~ "'0 1+ 30,~,l/Jo"'0 1- 8ro "'0 ro log -;:- +O(l/Jo)· (81 )

In the other case. when l/J and'" are both small and are of the same order of magnitude,
the evolution laws can be shown to be given by

f ll ( 3D", l/Jo){ 211 (30,v tPo) rll}~) 4
t/J(r) = l/lo ~- 1- --- -- I +~ tPo"'o 1- -- - rolog-

r 8ro "'0 3U,'" 8ro "'II r

3j;11 tPIIO", {I 2P.l. .1. (1_ 30y cpu) I .ro}"1/4
+ 8 + 3U-.1 '1'11'1' II 8 .1. r ll ogr r IV r ll 'I'll r

{
O(tPl~)' if I = O(cp~). fI ~ 3.

+ (83)
()«(P~). if I = O(tPf~)'

Thus we sec that the two pairs of evolution equations (80), (81) and (82). (83) form
two sets of evolution laws for the shock amplitude and the amplitude of the accompanying
second-order discontinuity, the first valid for the case t/JII = 0(1) and the second for
1/111 = O(CPII)' It can easily be seen that (80) and (82) may be written in the single form

Jrll { 2P (30v (Po) ro}-1!4
(p(r) = tPo -;: 1+ 30r l/JU"'II 1- 8r~ "'0 r u log-;:-

{
O(tP~), if I = O(t/J~cP:;). fI ~ I.

+ (84)
O(t/Jt~). if I = O(",~).

Although (83) is different from (81), it reduces to (81) if we take'" II = 0(\) since the second
term of (83) may then be neglected compared with the first. Therefore, eqns (84) and (83)
can be taken to be the universal evolution laws for the shock amplitude and the amplitude
of the accompanying second-order discontinuity.

In the case "'0 = 0(1) the evolution law (80) may be written

in tcrms of thc notation (72).

y = {I +4x} - 1/4 (85)

6. DISCUSSION

On comparing the evolution laws (71) with (84), which are derived respectively by
using the shock-titting method and the singular surface method. we see that they do not
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agree exactly for any value of m. Agreement is not to be expected in the case t/Jo = O(¢o)
for then the small-amplitude. finite-rate assumption made in deriving (71) is violated.
Neither is there exact agreement. however. between (71) and (85) in the case t/J 0 = O( I) for
which such agreement might have been expected. In order to examine the discrepancies we
expand both (71) and (85) for small x:

. { 6m-l, (4m-I)(9",-I) 3 }
¢=¢oexp(-xli» I-x+-.,-x-- 3 ' x + ....

_m m-

respectively. and for large x:

¢ - ¢oexp( -xIJ){(1 + I/m)x} -1:3.

respectively. The dimensionless quantity J defined by

(86)

(87)

(88)

(89)

is small and positive. For small x the expansions agree as far .IS the linear term; they agree
as far as the quadratic term for the line.lr loading programme (68) in which m = I. For
large x both asymptotic expansions predict a shock amplitude cp that is exponentially small
compared with its initial magnitude. Hence for all x, the dil1crence bctw..:en the solutions
given by (71) and (85) is at most of order cPi~ if mi:-l and (p~ if m = I. Therefore we may
conclude that these solutions do. in f:ICt, agree with each other. at least to leading order.

We now discuss the el1ccts of m'lteri.11 nonline'lrity on the evolution of transverse
cylindrical shock waves. We have already remarked that the material constant IJ dclined by
(59) is a me.lsure of the degree of muterial nonline'lrity present and we now observe that it
enters into the asymptotic expressions for the shock amplitud..: solely through the variable
x delined by (72a) which increases only logarithmically with the nadia I dist.lI1ce ,. Thus we
see that both (71) and (84) display an important fact. namely. that the effects of nonlinearity
on the evolution of transverse cylindrical shock waves arc cumuhttive and arc most pro
nounced when x = O( I). that is. when, satisfies the order relation

'I'll = O(exp (216».

However. at distances of this order the shock amplitude has already been attenuated by
geometrical spreading to order exp (-I/e5). Therefore, by the time nonlinear elTects have
become significant. geometrical spreading has already made the shock amplitude expo
nentially small. Alternatively. we may say that over distances comparable with the initial
radius 'n, the variable x which measures the elTect of nonlinearity rcmains close to zero.
Arguing from either standpoint, we may conclude that the linear evolution laws

(90)

obtained by taking p= 0 in (84) and in (83). give satisfactory results for the propagation
of transverse cylindrical shock waves in unstrained isotropic clastic non-conductors. This
is in sharp contrast with plane transverse shock waves in similar materials for which the
linear theory predicts constant values for the amplitudes cP and t/J. whilst the nonlinear
theory predicts amplitudes that decay with the distance of travel [see Fu and Scott (1989b).
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eqns (4.52) and (4.53»). We must conclude that geometrical spreading is a more potent
decay mechanism than is material nonlinearity.

To complete the picture we describe how to obtain the above-mentioned plane wave
solutions from the cylindrical wave solutions presented here. If,o -x; and, - Xi in such
a way that X == '-'0 remains finite then we have

'0'olog-:::::: -x.,

On inserting these approltimations into (84) and (83) and taking the limits '0 - 00, , - Xi

we find

(91)

which are the same as the equations of Fu and Scott [1989b, eqns (4.52) and (4.53»)
allowing for ditTerences in notation. By putting p = 0 in (91) we obtain the constant linear
approltimations 4J = 4Jo and 1/1 = 1/10 for plane waves, whilst the linear approltimations for
cylindrical waves (90) are not constant because of geometrical spreading.

Acknoll'/"d,q"ment-Ajoint grant given to the Iirst author (Y.B.F.) by the Chinese State Commission of Education
and the British Council is gratefully acknowledged.

REFERENCES

Anile. A. M. (1984). Propagation of weak shock waves. War'(' Molion 6, 571 -578.
Eringen. A. C. .mtl Suhubi. E. S. (1974). ElluI(J(~mumies, Vol. I. Filli/(' Molion<. Academic Press. New York.
Fu. Y. B. «(988). PropagOltion of Weak Shock Waves in NonlineOlr Solids. Ph.D. Thesis. University of East Anglia.

Norwich. U.K.
Fu. Y. n. and Scoll. N. II. (1989a). The evolution law or one dimension;11 we;lk nonlinear shock wOlves in clastic

non-cunductors. Q. J. M('(·h. Appl. MUlh. 42, 23 ·39.
Fu. Y. B. OInd Scoll. N. fl. (1989b). The evolutionary behaviour or pl;me transverse nonlineOlr shock waws in

unstrained incompressible isotropic cI;lstic nonconductors. Wm'l' Molioll II, 3513(,5.
Fu. Y. n. and Scoll. N. fl. (19KlJc). The evolution laws or dilatational spherical and cylindric;11 weak nonline;lr

shock w;lves in clastic non-conductors. ATC'h. Rtlfionul M('(·h. A/lUI. 108, II -34.
Uunler. J. K. and Keller. J. 8. (19K3). Weakly non-linear high rrequency waves. Co""""".< PliTt' Appl. MUlh. 36,

547 569.
lardner. R. W. (l9K5) ..Nonlinear effects on transverse shear waves in an clastic medium. J. Elu.<licin' IS. 53 ·57.
li. Y. C. alld Ting. T. C. T. (19K2). lagr.tngian description or transport I.:quations for shock wives in three

dimensional clastic solids. J. Appl. MUlh. Mech. 3.491-506.
McCarthy. M. F. (1975). Singuhlr surraces and waves. In ('olllit/lllln1 Phy.<ic.< (Edited by A. C. Eringen). Vol. II.

Academic Press. New York.
Nayfeh. A. fl. (1973). Perlllrimlion MC'llllNk John Wiley. New York.
Ting. T. C. T. and li. Y. C. (19K3). Eulerian formulation or transport equations ror three-dimensional shock

waves in simple clastic solids. J. Elu_rlicilY 13.295-310.
Ukeje. E. (19K I). Weak shock waves in non-heat conducting thermoelastic m;llerials -variation or amplitude or

the weak shocks. Int. J. Engng Sci. 19. IIK7-1201.
Ukeje. E. (19K2). Weak shock waves in heat-conducting thermoelastic materials. ItIl. J. £IIgllg Sci. 20.1275-1290.
Varley. E. and Cumberbatch. E. (1966). Nonlinear. high rrequency sound waves. J. IIw. MUlhs Applies 2.133

143.
Wesolowski. Z. and Burger. W. (1977). Shock waves in incompressible elastic solitls. RII(·ol. AC/I/ 16. 155 160.
Whith;lm. G. B. (1974). Lim'ar und N,,"linear Wan's. John Wiley. New York.


